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determined for q = 0 by the expression 1 ε(q, ω) = 1 + 4π q 2 χ R (q, ω + i0),
where χ R (q, z) is the retarded "charge-charge" correlation function, analytical in the upper half-plane of the complex variable z (Imz > 0):
Here ρ q (t) is the Fourier-component of the charge density in the Heisenberg representation, and the angle brackets < ... > denote the averaging in the grand canonical ensemble, containing charge particles of various species a with charge z a e, mass m a , chemical potential µ a and average density n a . We assume that the quasi-neutrality condition a ez a n a = 0
is satisfied. The equality (2) has to be treated in the thermodynamic limit V → ∞, < N a > → ∞, n a = < N a > /V → constant, with N a the operator of the total number of particles of species a. On the basis of Eqs.
(1)-(2) and the spectral representation for the function χ R (q, ω + i0) it is easy to check the validity of the relations [1] [2] [3] :
and also the KKR for the inverse DP ε −1 (q, ω):
Im ε
The symbol P in (7)- (8) means that we consider the principal value of the integral. It should be stressed that the KKR can be written in the form (7)- (8) on the condition that the functions ε −1 (q, ω) and ε(q, ω) have no singularities on the real axis ω. In particular, if the conditions
Imε(q, ω) = 0 (9) are satisfied, it is easy to derive from (4), (5) and (7) the inequality (6). The KKR for CS at arbitrary thermodynamic parameters are valid only for the inverse DP ε −1 (q, ω) [4] . The DP ε(q, ω) for arbitrary non-zero wave vectors does not obey to the KKR without violation of the causality and stability conditions [4] . If the KKR are valid for the DP ε(q, ω) the value of the static DP ε(q, 0) is restricted by the condition [1, 2] ε(q, 0) > 1.
At the same time, according to (7) , from the KKR for the inverse DP ε −1 (q, ω) negative values of the static DP ε(q, 0) are also possible [4] :
Moreover, the inequality (10) is the necessary and sufficient condition of validity of the KKR for the DP [4] . The static DP, determined by the limit
characterizes (taking into account condition (9)) the equilibrium state of a Coulomb system in a weak electric field. The frequency dependence of the DP characterizes non-equilibrium processes in CS, connected, at first, with the existence of an electric current. These processes are described by the conductivity σ(q, ω), connected with the DP ε(q, ω) by the relation [1, 2] ε(q, ω) = 1 + 4πi ω + i0 σ(q, ω).
As is well known, the conductivity characterizes the relation between the current density J(q, ω) and the electric field E(q, ω) in a material: J(q, ω) = σ(q, ω)E(q, ω).
The most interesting case is the action of a weakly inhomogeneous electric field (q → 0).
It is easy to see on the basis of physical arguments [1] , that the static conductivity is determined by the limit
Take now into account that for all known substances, for non-zero temperatures, the static conductivity σ (0) has a finite non-zero value. Then from (13) and (14) it follows that
II. POSITIVITY ε(q → 0, 0) AND KKR FOR THE DP
Using the methods of quantum field theory and the diagram technique for the temperature Green functions [3, 5] , the exact relations for the DP and the response function χ R (q, z) can be established. In particular, it was shown in [3] that
where the function Π(q, z) is the so-called "charge-charge" polarization operator -the irreducible (in the q-channel on one line of interaction u(q) = 4π/q 2 ) part of the temperature "charge-charge" Green function. Therefore, the DP ε(q, ω) of a homogeneous and isotropic CS can be represented as
It should be mentioned that the polarization operator Π(q, ω +i0) can be introduced without use the perturbation theory of the temperature diagram technique. In contrast with the Green function χ R (q, ω + i0), which determines the response of CS on a weak external field, the polarization operator Π(q, ω+i0) characterizes the response on the full field in a medium.
It means in general that the polarization operator is not an analytical function in the upper half-plane of the complex variable z. Therefore, as follows from (16) and (17), the KKR for the DP ε(q, ω) can be violated [4] . However, the polarization operator Π(q, z), in contrast with the Green function χ R (q, z), has no singularities for small values of wave vector q, connected with the form of the interaction potential u(q) = 4π/q 2 (in general this statement is true for normal CS). Owing to this circumstance the DP ε(q, ω) for small wave vectors satisfies the following limiting relations [6] [7] [8] :
Here I β is the operator of the total current, ω p is the plasma frequency. Using the grand canonical ensemble it is easy to see [9] that
Substitution of (22) into (18) leads for arbitrary thermodynamic parameters (in a normal CS) to the following result [10] :
It is evident that the value κ (10) in the appropriate limiting cases of weakly interacting classical and weakly interacting degenerate CS corresponds to the inverse Debye and the inverse Thomas-Fermi screening length, respectively [3] . Therefore, for small wave vectors q the static DP of CS satisfies the inequality (10) ε(q → 0, 0) > 0. On this basis we concude that the function ε(ω) (19) should satisfy the KKR.
Actually, by integrating (20) by parts, one can rewrite (19) in the form
Here the operators ρ(r) and P β are the charge density operator and the charge dipole moment operators, respectively, with
Therefore, we show that the conductivity σ(ω) (24)- (26) is determined by the Kubo formula
[11] (see also [6, 7] ).
The functions z(ε(z) − 1)/4π and z 2 (ε(z) − 1)/4π are, according to Eqs. (19), (20), (24) and (25), analytical functions in the upper half-plane of the complex variable z and satisfy the KKR in the traditional form, similar to (7)- (8) . The function ε(z) is also an analytical function in the upper half-plane of the complex variable z. However, the notation of the KKR for this function is different from the traditional form. The reason for this difference is the singularity 4πiσ st /ω of the function ε(ω), which lies on the real axis at small ω.
This implies that the second condition (9) in the long wavelength limit q → 0 is violated.
Therefore [9] , the KKR for the function ε(ω) takes the form
Therefore, in the static limit ω → 0 we cannot put ω = 0 in the integrals in (27), (28) and we arrive at restrictions similar to (6), (10) and (11). Moreover, the function Reε(ω) may also possess singularities in the limit ω → 0.
III. ASYMPTOTIC BEHAVIOR OF TIME-DEPENDENT CORRELATION FUNCTIONS AND THE STATIC CONDUCTIVITY
To analyze the mentioned singularities, let us generalize the relations (19), (24) and (25), introducing the functions ε (0) (ω), σ (0) (ω) and ϕ (0) (ω), determined on the real axis ω
Taking into account Eq. (26) it is easy to check that σ(t) and ϕ(t) are real functions. The presence of singularities in the function ε (0) (ω) is a consequence of behavior of the time correlation functions σ(t) and ϕ(t) on a large time scale (in the limit t → ∞). 
It should be stressed that in the classical limit (h → 0) Eq. (33) can be represented in a form equivalent to the Einstein relation [12] for the diffusion coefficient of a Brownian particle
Therefore, the low-frequency expansion (ω → 0) of the functions σ (0) (ω) and ϕ (0) (ω) has an asymptotic character. This kind of behavior is possible only if the functions σ(t) and ϕ(t) tend to zero at large values of t (t → ∞), following some non-exponential law. This means that these functions possess so-called "long tails". It should be noted that such long tails of correlation functions have also been observed in other systems [12, 13] than Coulomb systems.
IV. CONCLUSIONS
In the present paper it is shown that the DP ε(q, 0) of a homogeneous and isotropic Coulomb system has a singularity κ 2 /q 2 (23) for small values q (q → 0) and satisfies the inequality ε(q → 0, 0) > 1 for arbitrary thermodynamic parameters. It is shown that this inequality leads to the KKR relations for the DP ε(ω), which take the form (27) and (28).
For low frequencies the function ε(ω) = lim q→0 ε(q, ω) has a singularity 4πiσ st /ω, which is taken into account in the KKR.
One can assert that there is one-to-one correspondence between these two singularities if the respective coefficients κ and σ st are non-zero
The value κ −1 in (23) characterizes the penetration depth of the electric field in a medium.
As in the case of the "metal-dielectric" transition, on the basis of a conductivity analysis (see, e.g., [14] ), one can assert that the difference between "metals" and "dielectrics" has a relative character, since all known dielectrics have a non-zero static conductivity at T = 0.
The analogous statement is true with respect to the penetration depth κ −1 ≃ T V / < Z 2 > (see (15)) of the electric field in a medium. In "metals" the penetration depth is very small, while for "dielectrics" the penetration depth can be of the order of the macroscopic size of the system.
According to our consideration one can introduce the concept of the "true" dielectric when the conditions
are satisfied. According to (23), a homogeneous and isotropic Coulomb system is in a "true" dielectric state if the limiting relation
is fulfilled. On the basis of the above analysis we establish that the static conductivity of a homogeneous and isotropic CS is determined by the "long" tails of the time-dependent correlation functions (33) and (34). According to Eqs. (33) and (36), if the condition (37) is fulfilled and the CS is in the state of a "true" dielectric, the following limiting relation
has to be satisfied.
